We describe a new common-path, phase-shift, and shearing interferometric device capable of single-shot detection of optical phase profiles. It samples the input field and uses birefringent plates to fan out phase-shifted copies of the samples in the empty space between them. The phase shifts are given by the thickness of the plates and not by the relative position of the components, as in classical interferometers. This makes the device insensitive to vibrations. We recorded repeatability better than ͞100, even though strong shocks were applied to the air table in proximity to the system. We recorded better than ͞1000 repeatability under quiet conditions and estimated the accuracy to be better than ͞3000 at the shot-noise limit. In addition, the device is compact and easy to integrate in a variety of setups that require the measurement of optical phase profiles.
Introduction
Real-time, vibration-insensitive phase-shift interferometers have long been sought for a variety of applications such as optical testing on the shop floor or surface measurement for semiconductor manufacturing applications. Various solutions have been proposed to solve the vibration sensitivity problem. Many try to acquire the data rapidly, thus effectively freezing the effect of vibrations. This approach requires fast and expensive array detectors. Another approach 1 uses the randomness of vibration-induced phase shifts to obtain the necessary phase-shifted frames. This approach can be slow depending on the vibrations present at the time of the measurement. Other approaches use spatial fringe carriers to generate all the information in one frame. Spatial carrier methods need to use additional simplifying assumptions about the input wave front, such as a spatial bandwidth much smaller than the carrier bandwidth, which in turn limits the spatial resolution of the instrument. Yet other approaches use multipath techniques to fan out the information in multiple phase-shifted frames at the same time. 2 If multiple detectors are used, issues related to alignment and registration ͑and their dependence on temperature and shocks͒ limit the reliability of these devices.
We propose a solution that solves the alignment problems associated with conventional multipath techniques, but keeps their capability to output all data in one shot. In addition, our device, the sampling field sensor ͑SFS͒, is truly common path and intrinsically insensitive to vibrations. The SFS samples the input field and fans out multiple phaseshifted copies in the blocked regions between the samples. Some output copies overlap with others generated by adjacent samples, thus providing shearing interferometric information along the direction of adjacency. Other copies do not overlap, thus providing purely amplitude information. One frame of the output of the new system contains all the information provided by multiple frames of the output of a phaseshift shearing interferometric system. This approach provides a truly common-path ͑unlike the other methods listed above͒ phase-shift shearing interferometer. The phase-shifted copies are produced by use of the effect of optical birefringence and not by moving mirrors or phase gratings, which make the system vibration insensitive. The common-path design minimizes the influence of perturbing factors such as air currents, misalignment, and vibrations and results in a compact instrument. In contrast to our first-generation system, 3 the SFS system proposed here implements arbitrary, controlled phase and geometry fanout patterns. This offers more freedom to the system designer to tailor the system to specific applications. In addition, it offers increased throughput, signal-to-noise ratio, and spacebandwidth product, which are all similar to a regular phase-shift interferometric system.
The fact that the output of the system is independent of vibrations and is highly repeatable produces a paradigm shift in the design and use of interferometric systems. The output of the current system has the known statistic of the laser beam used to illuminate the target. In contrast, the statistic of the output of classical interferometric systems is dependent on unknown phase-shift parameters connected to calibration errors or unknown vibrations. One solution is to use custom phase-shift algorithms that attempt to zero out the effect of these unknown factors. 4 Because it has no unknown or hidden parameters, the SFS allows use of statistical algorithms, 5 which may require fewer phase shifts, thus making it more robust. 6 This paper is organized as follows. In Section 2 we describe the new SFS concept. In Section 3 we use coordinate-free Fourier optics to give a theoretical description of its working principles and comment on various ways of physically implementing the system. Section 4 contains a set of experimental results, which validate our method. In addition, we measure the statistics of the system parameters to obtain estimates of the repeatability and accuracy of the system under different working conditions such as quiet environments and strong shocks applied to the optical table. In Section 5 we summarize the results reported in this paper.
Method Description
The new SFS concept is based on sampling and space multiplexing or fanout. The input field is sampled with an array of small apertures to obtain a sparse version with blocked regions separating the samples. Each sample is fanned out into multiple, phaseshifted copies, which are appropriately positioned in the empty space between the samples. The copies that overlap will generate shearing information, whereas the copies that do not overlap will generate amplitude information. All the information necessary to reconstruct the input phase and amplitude distribution is available simultaneously at the output. The result is a common-path and real-time phase-shift shearing interferometer. We previously described another SFS system, 3 which used freespace diffraction to generate the diversity information in the blocked space between the samples. In this paper we describe an improved SFS design using anisotropic rather than diffractive fan-out. Anisotropic fan-out greatly improves the throughput of the system, enables us to have more freedom in selecting the fan-out pattern, and substantially reduces sidelobe interference.
We generated the anisotropic fan-out required by our method by imaging the input sampling mask through birefringent plates ͑see Fig. 1͒ . The generation of the two copies in Fig. 1͑a͒ is due to double refraction in the birefringent plate. Anisotropic media show different physical properties for different polarizations of the electric field. This characteristic is expressed by a material equation connecting electric field intensity E to electric flux density D by a permittivity tensor ε instead of a scalar. General physical properties require that ε be symmetric and positive definite for lossless media. This means that there exists a coordinate system in which the matrix representation of the tensor is diagonal. This is the so-called natural coordinate system, and its axes are called the principal dielectric axes. If all three diagonal values are different, then the crystal has two axes of symmetry ͑optical axes͒ and it is said to be biaxial. If two of the diagonal values are equal, then the crystal has only one axis of symmetry and it is called uniaxial. 7 In uniaxial birefringent crystals the wave surfaces in K space are different for different polarizations of the input field and they touch at two points, which define the direction of the optical axis. If the electric field is parallel to the plane formed by the optical axis and the direction of incidence, then the propagation is anisotropic with a k vector dependent on the direction of propagation. This is called the extraordinary component. If the electric field is perpendicular to the plane formed by the optical axis and the direction of incidence, then the propagation is isotropic in k ͑the ordinary component͒.
Referring to Fig. 1͑a͒ , the field sampled by each sampling hole propagates from the sampling plane to the output plane through the birefringent plate and the imaging lens. The plate splits the propagating wave front into two sheared copies. The ratio of the amplitudes of the field in the two copies is where E o is the ordinary field, E e is the extraordinary field, and ␤ is the angle between the direction of the polarization and the plane formed by the optical axis c and the wave vector k. The power split can be adjusted by appropriate use of polarization rotators or wave plates. Because of the shearing produced by the birefringent plate, the field appears to emerge from two different points, separated by a distance equal to the shear. This creates two images in the output ͑image͒ plane of the lens, and the shear is magnified by the lens according to the laws of geometrical optics. By contrast, if the birefringent plate is placed after the lens, the lens magnifies the sampling mask but not the shear produced by the plate. This additional degree of freedom can be used to match a sampling mask to a set of birefringent plates and a given focal-plane array, as we explain in Subsection 3.B.
The anisotropic fan-out SFS is implemented as shown in Fig. 1͑b͒ . The input is sampled by a sampling mask and passed through a sequence of birefringent plates of thickness and cut angle such that the set of desired shears is implemented. Polarization rotators or wave plates can be placed between the plates, if necessary, to achieve the desired power distribution in the fan-out field. The imaging lens forms the image of the sampling mask through the birefringent plates onto the focal-plane array. If the field in the overlapping points has different polarizations, a polarizer at appropriate orientation is used before the focal-plane array to obtain interference information.
A wide range of transformations between the input field distribution and the output intensity distribution is possible with this approach. This makes the anisotropic SFS a true digital interface between the optical field and digital signal processing subsystems. Because the idea is to create multiple appropriately modified copies of the input samples, it follows that the system transfer function or the point-spread function ͑PSF͒ of the anisotropic SFS is given by
Of course, in reality, the delta functions in Eq. ͑2͒ are replaced by more complicated functions, such as the Airy functions in a diffraction-limited system that images the input. Because these functions are strongly dependent on the physical implementation of the system, at this point we keep Eq. ͑2͒ in the current form for generality. We generically refer to the modified PSF in Eq. ͑2͒ as the characteristic or fan-out pattern of the SFS. There are many characteristic patterns that can be used for the same SFS design. They differ through the number and the geometric layout of the output samples. For a shearing interferometer, for example, one needs at least one nonoverlapping copy to detect the amplitude of each sample and two phase-shifted overlapping copies per shear direction to estimate the input phase distribution. At least two noncollinear shears have to be used. It follows that, for wave-front sensing, a general form of characteristic pattern is given by c͑r͒ ϭ ␦͑r Ϫ r 0 ͒ ͱK 0 exp͑i␣0͒
Referring to Eq. ͑3͒, the parameters labeled with K are real and positive numbers, whereas the parameters labeled with ␣mnx or ␣mny are real numbers in the ͑Ϫ, ͒ interval. The first term is the nonoverlapping copy. The superscript letters signify the direction of overlap associated with the respective K or r parameter. The first subscript number identifies the interfering adjacent point, whereas the second subscript number identifies the phase shift in the respective direction of shearing interferometric measurement. Therefore the second and third terms are such that they interfere when coming from characteristic patterns adjacent along the ⌬x shearing direction. The fourth and fifth terms interfere in a similar way, but the phase difference ␣12x Ϫ ␣22x is different from the phase difference ␣11x Ϫ ␣21x to provide for phase-shift diversity similar to that in phase-shift interferometers. The rest of the terms provide for similar phase diversity but with shear along the ⌬y shearing direction. More than two different phase shifts can be used, but here we consider only two for the purpose of describing the concept.
It is clear that there are many possible characteristic patterns satisfying the above requirements on phase and shear diversity. Further specification of the geometry of the characteristic patterns is dependent on the input sampling geometry and the characteristics of the focal-plane array used to detect the output of the system. For example, consider a particular case with the input sampled on a Cartesian grid at 88 m in both directions. Figure 2 shows two examples of characteristic patterns that can be used for wave-front measurements. The arrows show the overlap. Referring to Fig. 2 , the intensity measurements in the output plane can be grouped in three different categories by the type of information provided, as specified by Eq. ͑3͒: amplitude measurements, phase-shifted measurements sheared along the x axis, and phase-shifted measurements sheared along the y axis. The appropriate placement of the photodetectors in the focal-plane array allows us to measure the interference of the different overlapping copies and the intensity in the nonoverlapping copy, thus providing the three types of measurement described above. Both patterns produce sheared interferometric measurements on two noncollinear directions simultaneously but, as we show in Subsection 3.A., only the pattern in Fig. 2͑a͒ produces phaseshifted ͑diverse͒ measurements. Both patterns can be generated with a set of four appropriately designed birefringent plates and additional wave plates and polarizers. The output polarizations of the output fields labeled 1-8 are perpendicular to the ones labeled 9 -16, so a polarizer is required to obtain interferometric information. Also, it is obvious that neither pattern in Figs. 2͑a͒ and 2͑b͒ satisfies the SFS fan-out requirement of having nonoverlapping copies. This problem can be solved when the output polarizer is rotated to select only one set of points, either 1-8 or 9-16, thus providing eight nonoverlapping copies in each case. Therefore, to obtain amplitude information, the polarizer is rotated so that we select either the extraordinary or the ordinary polarization ͑relative to the last shearing plate͒, and then a frame of the output of the system is recorded. To obtain interferometric information, the polarizer is rotated 45°with respect to either the extraordinary or the ordinary polarization directions of the last plate, and the output of the system is recorded.
Sensor Design
Our use of birefringent plates to fan out multiple appropriately modified copies of the sampled field complicates the design problem, as compared with array generation setups used for optical interconnects, for example. 8 This is because the phase, the amplitude, and the lateral shift ͑geometry͒ of the output points are design parameters of interest. This is in contrast to array generation applications for optical interconnects or digital computing, for which the design goals are related to the intensity of the output pattern of dots and little attention is paid to the phase of the output field. On the other hand, birefringent crystals have been used before to generate phase-shifted interferograms, 2,9 where a tight control of the phase delay between the fan-out wave fronts was required, similar to our application. The novelty of our approach allows us to sample the input with a sampling mask, which allows a much larger fan-out ratio than in the previous methods that had a fan-out equal to 2. In short, our method is a combination of the previous methods used for array generation and interferometry in terms of both the tolerance requirements and the design goals.
A. Anisotropic Sampling Field Sensor Implementation with the Input Imaged Through Birefringent Plates Referring to Fig. 1͑a͒ , we used a coordinate-free derivation of Fourier optics to show that the propagation of the input optical field through the birefringent plate and the imaging lens is given by Fig. 2 . Fan-out or characteristic pattern: ͑a͒ having both shear and phase diversity; and ͑b͒ having only shear diversity but no phase diversity.
where d 1 is the distance from the sampling mask to the lens, d is the thickness of the plate, d 2 is the distance from the lens to the image plane, F is the focal length of the lens, and k ϭ k Ќ ϩ k ʈ is the wave vector for propagation in the plane perpendicular to the axis of the imaging system. The ordinary component propagates to the image plane as
The constants A, B e , B o , C e , and C o are given by
Next we consider the propagation of the optical field through a set of birefringent plates in a sequence of ordinary and extraordinary propagation modes, as shown in Fig. 1͑b͒ . Consider the plates with indices e n ʦ ͕set of plates with extraordinary propagation͖ and the plates with indices o m ʦ ͕set of plates with ordinary propagation͖. Without loss of generality we consider that the plates are almost touching each other, i.e., we neglect the vacuum propagation between the plates. The field that propagates as a sequence ͕e n ͖ extraordinary and ͕o m ͖ ordinary, where
, N͒ is given by
where we neglected the common phase factor given by propagation on distance
Here k is the direction of the k vector and ĉ n is the direction of the optical axis of plate n, which is different for different plates, thus the indexing in Eq. ͑7͒. We note that both the input field and the shear of the plates are magnified ͑d 2 Ϫ F͒͞F times. The field in the image space is a scaled and shifted version of the field in the object space convolved with a perturbation given by the Fourier transform of the first exponential function under the integral sign in Eq. ͑7͒. However, in general, for small shears and in the paraxial regime, the convolution term is only a small perturbation, and we neglect it for now. Thus we obtain the imaging equation to be given by
The shearing distance produced by each plate ͑as seen in the object space of the lens͒ is given by
The phase difference between fan-out points with different propagating sequences is
The amplitude in different fan-out points can be controlled with wave plates or polarization rotators to rotate the plane of polarization of the field between the shearing plates. The product of multiple wavefront split coefficients ͑one for each birefringent plate͒ gives the amplitude of the field in the different output points. So far we considered the amplitude split to be exactly the same for all plates so that it was neglected in Eqs. ͑4͒-͑7͒. We can control the phase of different fan-out copies either by choosing an appropriate set of plate thicknesses ͑the phase changes much more rapidly with the thickness of the plate than with the shear͒, by tilting some of the plates, or by using combinations of wave plates and polarizers. 9 From Eq. ͑7͒, we note that fields propagating with different extraordinary-ordinary sequences are focused at different points on the imaging axis in the image space. By choosing as a reference position on the imaging axis the image of the field propagating as ordinary component through all the plates, we obtain the focus shift for the rest of the points to be given by
where ͕e n ͖ is the sequence of plates through which the respective field propagates as extraordinary. The difference between quartz and calcite, the two most commonly used birefringent materials, is insignificant from this standpoint. As an example, we refer to Fig.  2͑a͒ . The fan-out points are labeled based on their propagation sequence through the four quartz plates. We can find this from the label by taking the binary representation of the number ͑label-1͒, flipping it from left to right, and replacing each 1 with e and each 0 with o. For example, the point labeled with 6 propagates as ͕e, o, e, o͖ through the sequence of quartz plates. The different fan-out fields are imaged at different points with respect to a reference field, which we choose to be ͕o, o, o, o͖ or the field labeled as 1 in Fig.  2͑b͒ . For an input sampling grid with an 88-m pitch ͑at M ϭ 1͒ and using quartz plates, we find that the points 2-16 are separated by the point labeled 1 by 40. Because these numbers scale directly proportional with the actual dimensions on the CCD array, it appears advantageous to use an array with small pixels. Figure 3 shows the relative position of the different fan-out points for the case when quartz plates are used with the pattern in Fig. 2͑b͒ . By enforcing the maximum focus shift to be less than 50% of the distance between the first two intensity nulls along the z axis, we obtain a minimum F-number. By enforcing the size of the diffractionlimited spots to be smaller than the distance between two adjacent fan-out points, we obtain a maximum F-number for the imaging lens. Because the diffraction-limited spot is a convolution between the geometric image of the sampling hole ͑of size Ma, where a is the size of the sampling hole͒ and the PSF of the imaging system ͑of size 1.22F-number͒, its size is equal to Ma ϩ 1.22F-number. This translates into the following design equation for the F-number of the imaging lens:
For example, to provide a reference to the reader, consider a description of our experimental setup at M ϭ 1. The input sampling grid was an 88-m pitch, the sampling hole a was 8 m, and the pixel pitch of the focal-plane array was 22 m. When we use the pattern in Fig. 2͑a͒ , which has a maximum focus shift of 146 m ͑quartz͒, inequality ͑12͒ gives an image space F-number between F5.4 and F30. We note that the range defined by inequality ͑12͒, for the particular conditions listed above, allows us to work at a relatively high F-number, such that the effects of aberrations such as spherical are negligible. If the actual size of the characteristic pattern on the focalplane array decreases ͑from denser sampling or from use of a CCD with smaller pixels͒, the range of an acceptable F-number given by inequality ͑12͒ shrinks, and aberrations become an issue. For example, suppose we use a different CCD, which has pixels that are three times smaller than the case considered above, i.e., 7 m versus 22 m. If everything else stays the same, the imaging system has to work at M ϭ 1͞3. It follows that the range given by inequality ͑12͒ changes to 3.2 Յ F-number Յ 9. Further decreasing the input shear from 88 m ͑sparse͒ to 44 m, which now requires a magnification of M ϭ 2͞3, changes the range to 2.3 ՅF-number Յ 6. As the low end of the estimate given by Eq. ͑11͒ decreases, its accuracy also decreases as we depart from the paraxial range considered in the Fourier optics calculation. In short, use of dense input sampling and small-pitch focal-plane arrays increases the difficulty of in the design of the imaging system and requires that the optical aberrations be balanced to match the more stringent requirements on image quality. Use of large shears further complicates the problem because of the larger focus shift produced by passage through thicker birefringent plates as well as increased spherical aberration. A separate discussion is warranted because of the problem that arises when we want to generate phase diversity. Referring to Fig. 2 , the different fan-out fields have different phase delays with respect to a reference field, which we choose to be ͕o, o, o, o͖ or the field labeled as 1 in Fig. 2͑a͒ . As shown by Eq. ͑10͒, the total phase delay with respect to field 1 is a sum of phase delays that are due to each quartz plate where the beam propagates as extraordinary. It is zero as the respective field propagates as o in that plate or is given by ⌬⌽ ϭ ͑B e Ϫ B o ͒d if it propagates as e. It follows that the 16 phase delays are
These phase delays are the same for all patterns labeled with the labeling convention used here, regardless of their geometry. The phase differences on the x shearing direction are ␣ 3 Ϫ ␣ 13 , ␣ 7 Ϫ ␣ 10 , and ␣ 4 Ϫ ␣ 14 . Using Eqs. ͑13͒, and neglecting the possible phase shifts given by the fact that some of the fields may have already passed through focus at the image plane, 10 we obtain
At least two of these have to be different according to our design requirement. Because ␣ 3 Ϫ ␣ 13 ϭ ␣ 4 Ϫ ␣ 14 ␣ 7 Ϫ ␣ 10 , we have only two phase-diverse measurements on the x shearing direction. By the same reasoning, we have only two phase-diverse measurements in the x-y shearing direction. Therefore the pattern in Fig. 2͑a͒ satisfies our phase-diversity requirement on two ͑noncollinear͒ shearing directions. We note that a phase delay does not add phase diversity and it is not relevant for the purpose of designing the sequence of quartz plates. In contrast with the pattern in Fig. 2͑a͒ , the pattern in Fig. 2͑b͒ does not satisfy our phase-diversity requirement.
B. Imaging System
In Subsection 3.A we discussed the situation for when the sampling mask is imaged through a set of birefringent plates placed before the first principal plane of the imaging system. Two other cases are worthy of consideration: placing the birefringent plates between the secondary principal plane and the CCD array and use of an afocal imaging system. We also discuss a method to match a set of shearing plates to a given receiver ͑CCD͒ and sampling geometry. Referring to Fig. 1͑a͒ , let us change the position of the shearing plate and place it between the lens and the CCD array. By neglecting a slowly varying perturbative phase factor, we can show that the extraordinary field at the image plane is and the ordinary field is given by
Approximations ͑15͒ and ͑16͒ show two differences between this situation and that described in Subsection 3.A. First, the shear produced by the plate is independent of magnification. This gives an additional degree of freedom in the design of the system. It can be used to match a given sampling geometry with a given sensor geometry when the shearing plates are placed between two cascaded imaging systems, as shown in Fig. 4 . If the magnification of the first system is M 1 and that of the second is M 2 , we can match a given sampling geometry ͑desired shear h in ͒ to the geometry of the array ͑output shear h out ͒ and the actual shear of the plate h by setting M 1 ϭ h͞h in and M 2 ϭ h out ͞h. The first stage changes only the sampling geometry such that it matches the shear produced by the plates, whereas the second stage magnifies a resulting ͑matched͒ pattern such that it is compatible with the geometry of the imaging array. The second difference is that the chirped phase distribution that is due to the imaging lens is laterally shifted by the shearing plate by a distance given by Eq. ͑9͒. This modifies the phase in the different fan-out points, in fact producing phase diversity. The characteristic pattern of the system is no longer shift invariant because the phase factors in Eq. ͑2͒ are different for different positions in the output image plane. This gives another degree of freedom when we generate the phase-diversity information. For example, patterns that do not have phase diversity when all the shearing plates are placed before the imaging lens can be transformed in phase-diverse patterns when some of the plates are placed after the imaging lens.
A second possibility is to use afocal lenses instead of finite focal-length lenses. In this case the output fields are the same as given by Eqs. ͑4͒ and ͑5͒ ͑plates before the lens͒ and by approximations ͑15͒ and ͑16͒ ͑plates after the lens͒ with the major difference of lacking chirped phase distribution at the output. All the other considerations regarding the parameters of the output still apply.
Experimental Results
We collected extensive statistical measurements on a system with the characteristic pattern shown in Fig. 2͑b͒ . In addition, we collected phase-shifted data on the characteristic pattern shown in Fig.  2͑a͒ , which was intrinsically phase diverse, thus ideal for our purpose. However, the shear produced by one of the shearing plates was slightly off its nominal specification, resulting in poor overlap of the copies labeled 7, 10, 2, and 15 in Fig. 2͑a͒ , thus preventing us from using the latter pattern for the rest of the measurements. We note here that shearing errors cannot be calibrated out if they cause poor overlap and thus loss of the interferometric signal.
The system consisted of a sampling mask and two cascaded afocal ͑4F͒ systems with the birefringent elements between them. The sampling mask had a 110-m sampling distance and 10-m-diameter sampling holes. The first imaging lens magnifies the input 4͞5ϫ to obtain an 88-m sampling distance. The set of birefringent elements is placed in the output space of the first imaging lens, thereby giving a shear independent of magnification. The pattern was generated with a set of four quartz plates of thicknesses 5.33, 5.33, 10.66, and 10.66 mm and additional ͞2 wave plates with orientations that allowed us to obtain equal splitting of the power at each quartz plate. We used an output polarizer placed in a rotation stage, which allowed us to select between pixels 1-8 or pixels 9 -16 in Fig. 2͑b͒ for amplitude measurements, as explained in Section 2. The first set of pixels was part of the extraordinary beam at the output of the last quartz plate, and we referred to them as the extraordinary pixels. Similarly, we referred to pixels 9 -16 as the ordinary pixels. The two positions of the output polarizer make a 90°angle. For a third position of the output polarizer, at an angle on the bisector, we obtained interferometric measurements through the overlap of the ordinary and the extraordinary pixels in a pattern as shown in Fig. 2͑b͒ . The same pixels that gave only amplitude information before having overlap now give phase information through interference. We called them phase pixels in this case. We used a second, 4ϫ magnifying lens to magnify the pattern on the camera and ensure good sampling of the output intensity distribution. We detected the output using a 512 ϫ 512 backilluminated CCD array from Princeton Instruments. The array had 22 m ϫ 22 m pixels, with a well capacity larger than 500,000 electrons and 10 electrons͞count of preamplifier gain. The data were digitized with 16-bits precision with less than 1 bit of readout noise. We obtained the data for each system output pixel by binning a 3 ϫ 3 set of camera pixels. The birefringent elements were 1.5-in. ͑3.8-cm͒ free-aperture quartz plates cut at 45°and additional wave plates as required by the generation of each characteristic pattern. The quartz plates and the wave plates could be adjusted to obtain different characteristic patterns. Figure 5 shows different parts of the system. The output of the system is shown in Fig. 6 . The units on the axes in Fig. 6 are pixels on the CCD camera, and one can see the different classes of pixels from the different sets of fringe patterns. 
A. Multiple Shears and Phase Shifts
The most important characteristic of the new sensor is that it produces different information in different output pixels ͑spatial multiplexing͒, such that singleshot detection is possible. For shearing interferometry, at least two sets of interferograms on two noncollinear shearing directions are needed. In addition, each set of interferograms should contain at least two different phase shifts. In Section 3 we showed how to design the shearing plates to achieve these goals. In this section we prove experimentally the validity of the design procedure.
Using the pattern in Fig. 2͑a͒ we showed that the system outputs multiple sheared and phase-shifted interferograms in a single shot. To show this, we focused a well-collimated laser beam through a highquality 120-mm focal-length laser aplanat. The distance between the focal plane of the aplanat and the input of the system was approximately 150 mm. Figure 7 shows interferograms detected in the phase pixels labeled 3, 7, 5, and 2 in Fig. 2͑a͒ . According to Eqs. ͑14͒ and the design of the plates, the pixels labeled 7 and 2 should have a ͞2 phase shift relative to the pixels labeled 3 and 5, respectively, which in turn should have the same phase delay ͑Ϯ if at different image planes͒ as pixels labeled 4 and 6, respectively. Figure 7 shows a significantly poorer signal-to-noise ratio in the phase-shifted pixels compared with the non-phase-shifted ones. This was due to poor overlap of the respective copies because the shear produced by one of the shearing plates was slightly off its nominal specifications. Nonetheless, the signal in pixel 7 has a strong component that is ͞2 phase-shifted relative to pixels 3 and 4 and has a weaker perturbative component. In addition, the signal in pixels 4 and 6 is phase shifted relative to pixels labeled 3 and 5, respectively, as given by Eqs. ͑14͒ and a focus shift. The signal in the non-phase- 6 . Output of the system for the pattern in Fig. 2͑b͒ and a spherical wave input. Units on axis are pixels on the CCD. Fig. 7 . Simultaneous multiple shear and phase shifts as shown by interferograms in different classes of pixels: ͑a͒ pixels 3, ͑b͒ pixels 7, ͑c͒ pixels 5, ͑d͒ pixels 2. Units are system pixels that we obtained by binning 3 ϫ 3 CCD pixels.
shifted pixels shows low cross talk and high contrast similar to the phase-shifted frames in a regular interferometer.
We further verified the validity of our design by testing the pattern in Fig. 2͑b͒ through a similar procedure. This time we were able to obtain better alignment as shown by the output of the system ͑see Fig. 8͒ . Note that we obtain straight fringes similar to those in a regular shearing interferometer, which supports the assumption of a shift-invariant PSF. Also note that the phase delays between different patterns are 0 or as given by Eqs. ͑13͒ and by focus shift. However, the distribution of image planes as shown in Fig. 3 does not explain the phase shifts for all four pairs of pixels. We obtained the distribution in Fig. 3 by making a number of simplifying assumptions: All birefringent plates are normal to the z axis and have the required nominal thicknesses and cut angles. Also, the perturbative factor may produce an additional, albeit minimal, focus shift. These factors result in a perturbation of the distribution of image planes as shown in Fig. 3 . An exact calculation of the focus shifts involves a numerical integration of Eq. ͑7͒ for a plane-wave input as well as accurate measurements of the actual shears of the four birefringent plates as recorded by the focal-plane array. This effort is beyond the scope of the research presented here. Nonetheless, we find the corroboration of the results in both experiments to provide sufficient evidence of the validity of Eqs. ͑13͒.
We further checked that the system accurately generates the interference information in different phase pixels by passing a well-collimated laser beam through a 150-mm focal-length cylindrical lens aligned along one of the shearing directions. We estimated the distance between the focal plane and the input of the system to be 180 Ϯ 4 mm based on the spatial frequencies of the fringe patterns. We moved the cylindrical lens laterally in the direction of the phase curvature in steps of 25.4 Ϯ 5 m. This in turn changed the phase of the fringe pattern at the output of the system. On the basis of this step size and our estimate of the distance between the mask and the focus plane, we estimated the linear factor of the change in estimated phase versus step number to be 0.15 Ϯ 0.03 rad. Figure 9 shows the results of the measurements. It shows the linear factors, as we estimated by linear fitting of the phase estimate data provided by the x pixels, which measured the shear in the direction of the phase curvature. As shown, these were within the error of our theoretical estimate. The y pixels, which measured the shear in the perpendicular direction, estimated the linear factor to be zero with a standard deviation of the residual error of 0.035, 0.025, 0.028, and 0.036 rad.
B. Characterizability and Sensitivity to Vibrations
We reconstructed the input phase profile based on the output of the system using the algorithms described in Appendix A. The reader can see that these are similar to phase-shift algorithms but they are parameterized by the split coefficients K i and by the phase parameters ␣ i for each fan-out point. These parameters need to be estimated in a calibration procedure prior to sensing arbitrary fields. The sensitivity of the system parameters to vibrations and misalignment ultimately limits the repeatability of the system. The noise in the measurements, the accuracy of the calibration procedure, and the algorithms used to reconstruct the input limit the accuracy of the system. We estimated the sensitivity to vibrations and misalignment of the K and ␣ parameters under different conditions of vibrations and strong shocks applied to the system. These measurements al- Fig. 8 . Multiple shear but non-phase-shifted patterns: ͑a͒ pixels 3, ͑b͒ pixels 7, ͑c͒ pixels 5, ͑d͒ pixels 2. Units are system pixels. Fig. 9 . Experimental estimation of measurement accuracy. A spherical lens is shifted laterally, and the phase shift of its associated fringe pattern is measured. The solid line is the phase estimate based on the knowledge of the lateral displacement. The rms fit is the standard deviation of the residual error of the linear ͑Lin.͒ fit, and the rms abs is the standard deviation of the difference between the measurements and the theoretical curve. lowed us to estimate both the repeatability and the accuracy of the system as well as the limiting factors and ways to improve the performance of the system. All measurements were relative to an internal reference ͑pixel labeled 1͒ so as to eliminate the effect of changes in the input. We did not have a witness system per se, just a Mach-Zehnder interferometer placed approximately 1 m away from the SFS on the optical table. The Mach-Zehnder interferometer showed complete washout of the fringe pattern at its output whereas the SFS output stayed visually unchanged, even though the shocks were applied next to it. This was a first indication of the vibration insensitivity of the SFS.
We performed the measurements under two different sets of conditions: no vibrations and strong shocks applied to the optical table. In each case we first measured the extraordinary component, then the ordinary component, and then took a series of 50 interference frames at 1-2-s time intervals. This approach maximized the detrimental effect of vibration noise because the speckle patterns on the camera were independent of each other for different interference frames, and the calibration data ͑the ordinary and the extraordinary data͒ were taken only at the beginning of the experiment.
Amplitude Split Parameters
We estimated the K parameters of the system from measurements of the output with the polarizer such that only the fan-out points 1-8 ͑extraordinary͒ or 9 -16 ͑ordinary͒ would be selected. The fact that there were different sets of parameters for different points in the same class ͑shift-variant PSF͒ does not constitute a problem because it is easy to measure the input amplitude distribution directly with a witness camera. Table 1 shows the results. The detected intensity in each of the 16 pixels was normalized to the total power measured by the output pixels in each frame ͑not all the pixels on the CCD array͒ and to the power in the pixel labeled 1. The average relative power is the normalized power averaged over all frames and over the array for the respective pixel. It shows how well the system is aligned. Ideally the relative power should be the same in all the pixels, i.e., the quartz plates should be positioned so as to split the incident field in equal portions of extraordinary and ordinary beams. The results show that the alignment error was 5°Ϯ 5°, worse than what could have been obtained by use of regular rotation stages instead of our custom plate holders. Regular rotation stages allow approximately 1°of alignment accuracy, which translates into 3% error in the average relative power.
In Table 1 the standard deviation operator is applied to all the pixels in the same class over the entire array. The repeatability ͑rms %͒ is the standard deviation for each output pixel over the temporal sequence of frames and then averaged over the array and normalized to the average power in pixel 1. It is the average noise in the data ͑over the array of output pixels͒, which is consistent with our modeling the detector output with a shift-invariant set of parameters. We used a stabilized laser as the light source. The laser manufacturer specifies 0.1% short-term ͑minute͒ intensity stability and 0.2% long-term ͑hour͒ stability. We measured 5-10% stability ͑with vibrations͒ and better than 1% without vibrations. We estimate that the larger rms of the power stability, as measured only by the output pixels, is due to the fact that the image moves with respect to the CCD array, thus only part of the output power is detected. This is also justified by the fact that the variations in the power detected by different pixels are still strongly correlated. Because these are amplitude-only measurements, the variations cannot be due to phase error but only to movement of the image and to speckle and multiple interference noise. We estimated the correlation of the measurements in different pixels of the same type for the entire set of frames. We obtained an average absolute value of the correlation coefficient ͑over all 16 pixels and over the array͒ of 0.74 Ϯ 0.21 with vibrations and 0.56 Ϯ 0.28 without vibrations, which indicates that both fluctuations in the input power and movements of the image contributed to the fluctuations. Another way to see that the focal-plane array moves relative to the system is by looking at Figs. 10 and 11. Figure 10͑a͒ shows the spatial variation of the average power, and Fig. 10͑b͒ shows the power over shot noise for no interference and the same for interference is shown in Figs. 10͑c͒ and 10͑d͒ , respectively, for the set of pixels in the same class, in this case pixels labeled 3 in Fig. 2͑b͒ . The data are taken while strong shocks are applied to the air table close to the system. For comparison, Fig. 11 shows the same data but taken in a quiet environment. In a quiet environment, the ratio of the recorded standard deviation for each pixel and the shot noise for the same pixel is relatively uniform, i.e., it is shot-noise limited. This is true for both the amplitude signal ͓Fig. 11͑b͔͒ and the interference signal ͓Fig. 11͑d͔͒. Now consider the same quantity but computed for data taken when strong shocks are applied to the table. For no interference data, the standard deviation of the detected power ͓Fig. 10͑b͔͒ shows a small modulation proportional to the modulation in the average power ͓Figure 10͑a͔͒. For interference data, the standard deviation of the signal has a strong modulation, again proportional to the average power ͓see Fig. 10͑c͔͒ . This can be explained by the movement of the pixels of the focalplane array relative to the image of the mask. Indeed, if the signal excursions were due to a changing internal phase factor, then the ratio of the standard deviation of the noise in the detected signal and the shot noise ͓Figs. 10͑b͒ and 10͑d͔͒ would be proportional to the derivative of the signal ͑for small excursions͒ plus a constant factor. As a result, the fringe patterns in Figs. 10͑b͒ and 10͑d͒ would be phase shifted by ͞2 with respect to the fringe patterns in Figs. 10͑a͒ and 10͑c͒ , respectively, which is not what we observe. In contrast, if the signal excursions were due to a changing overlap factor between the output image of the system and the CCD pixels, then the same ratio would be proportional to the signal itself plus a constant factor, which is what we observe in Fig. 10 . This important observation is in agreement with our previous observation that the noise in the detected signal is correlated between different output SFS pixels. The net result is important as it allows us to conclude that, through a more compact implementation of the system and by using better imaging stages, one can reduce the movement of the image in the output of the system, thus reducing its detrimental effect. This will make the SFS perform with the same high accuracy for both noisy ͑vibrations͒ environments as well as for quiet environments.
Interference and Phase Parameters
Without being able to calibrate the system, we could not measure the ␣ parameters without making the simplifying assumption that they were all equal for phase pixels in the same class ͑shift-invariant PSF͒. This assumption is supported by the data in Fig. 7 , which show straight fringes similar to those in a regular shearing interferometer. We estimated the single phase parameter for each class by estimating the phase shift of the fringe pattern in the shearing Fig. 10 . Spatial variation of the noise in the class of pixels labeled 3 in Fig. 2͑b͒ when strong shocks are applied to the air table close to the system: ͑a͒ the average over time of the detected power ͑no interference͒; ͑b͒ the standard deviation ͑over time͒ of the detected power, normalized to the shot noise; ͑c͒ same as ͑a͒ but for an interference signal; ͑d͒ same as ͑b͒ but for an interference signal. Fig. 11 . Spatial variation of the noise in the class of pixels labeledinterferograms as shown in Fig. 8 . We took 50 data sets each, with and without vibrations, at 1-2-s time intervals between frames. The results are shown in Table 2 . The second and third columns ͑average͒ show the average phase delay over different times and then over the pixels in the same class. The fourth and fifth columns ͑repeatability͒ show the standard deviation of the measurements for the temporal sequence and then averaged over the pixels in the same class. The sixth and seventh columns ͑peak to valley͒ show the extreme values of the error ͑the outliers͒. These measurements indicate how well the system can be characterized ͑data without vibrations͒ and the sensitivity of the ␣ parameters to vibrations ͑data with vibrations͒.
According to Table 2 , the ␣ parameters can be measured with a repeatability better than ͞2000. With strong shocks applied to the air table in close proximity to the system, the ␣ parameters changed by less than ͞200. In addition to estimating the ␣ parameters, we also estimated the K parameters for interference data, which we used to estimate the repeatability of the system using the law of error propagation. The results are shown in Table 3 . Columns 2-4 are the same as in Table 2 , and columns 6 and 7 ͑STD over class͒ show the deviation over the pixels in the same class from the averages in columns 2 and 3.
C. Estimated System Accuracy and Repeatability
The measurement accuracy of any system is limited by systematic and random errors. Systematic errors are caused by calibration error, which is, in our case, the limited accuracy of measuring the K and ␣ parameters. The repeatability of the data is the random error component. Both errors show up in the quantity estimated by the system by the law of propagation of errors. Furthermore, the systematic portion of the error is actually relative because it depends on knowledge of the input or witness system used for calibration. As we were not able to perform a true calibration because we did not have a suitable witness system, systematic error was neglected and assumed to be zero; therefore only random errors were considered in our estimates of the accuracy of the system ͑the estimates of repeatability exclude the systematic portion by default͒.
We estimated the repeatability of the system under vibrations and no-vibrations conditions by measuring the temporal variation of the interference signal for each phase pixel. For the purpose of this discussion, we consider the quadrature detection given by Eqs. ͑A5͒. On the basis of the quadrature inversion algorithm and further assuming equal power splitting among the different fan-out points, we obtain the absolute error in estimating ⌬ to be
for ⌬ around 0 or Ϯ. The error increases to infinity as ⌬ approaches Ϯ͞2, but this can be remedied when we use more phase shifts per shearing direction ͑see Appendix A͒. By using the measurements in Tables 2 and 3 , we find that the repeatability of the system is better than ͞100 when strong shocks are applied to the air table in close proximity to the system. The repeatability improves to better than ͞1000 for the measurements taken with no vibrations. However, we note that repeatability of the K parameters is the same for both amplitude measurements ͑Table 2͒ and interference measurements ͑Ta-ble 3͒ with or without vibrations. Because the interference repeatability is approximately equal to the sum of amplitude repeatability and phase repeatability, it follows that the contribution to the rms error that is due to actual phase instabilities in the system is negligible. A more compact system with better image stability should have at least the repeatability recorded for the no-vibrations case, even when strong shocks are applied to the air table. Assuming that the measurements of K parameters are shotnoise limited at half of the well capacity and using Eq. ͑17͒, we obtain an accuracy better than ͞3000. This is exactly what we measured for the ␣ parameters under quiet ͑no-vibrations͒ conditions. To reconstruct an incident wave front using our method, one first processes the data from the sensor Phases ␣xi and ␣yi correspond to the x-phase and the y-phase pixel i, respectively, in Fig. 2͑b͒ . to estimate the phase differences between adjacent samples in at least two noncollinear directions. The finite-difference data are similar to that provided by conventional laterally shearing interferometers and has to be integrated to obtain the actual phase profile through a procedure similar to solving a Poisson's equation. The phase differences between adjacent samples have to be in the interval ͑Ϫ, ϩ͒ for the reconstruction algorithm to provide unambiguous reconstructions. The effect of K and ␣ on the actual reconstruction depends on the numerical method used to solve the partial differential equation and is not discussed here. Furthermore, other interferometric methods need to process the phase estimates obtained from sensor data to reconstruct the input wave front ͑e.g., phase unwrapping͒, which makes a comparison of the sensing methods based on the quality and accuracy of the reconstructed wave fronts rather tricky. In short, the SFS is similar in functionality and output data to other laterally shearing interferometers, albeit with a decreased Nyquist limit or resolution for the same size ͑resolution͒ focalplane array. The fact that we sample the input field with a sparse array of holes only changes the maximum spatial frequency of the allowed range of inputs ͑the Nyquist limit͒ and has no effect on data reconstruction.
Conclusion
We have presented a new type of common-path, phase-shifting, and shearing interferometer. It samples the input field and fans out phase-shifted shearing interferometric information in the blocked regions between the samples such that the input can be reconstructed from only one shot of the output of the system. The phase shifts are generated through propagation of the different fan-out copies of each sample through different sequences of extraordinary-ordinary modes in the set of birefringent plates. Because the phase difference between phase-shifted frames is given by the thickness of the birefringent plates and not by the relative position of the optical components inside the system as in a regular interferometer, this new type of interferometer is virtually insensitive to vibrations. Indeed we estimated that the repeatability of the system is better than ͞100 even when strong shocks are applied to the air table in close proximity to the system. On the basis of our measurements we also estimated that this error is mainly due to movements of the output image relative to the focal-plane array ͑loss of registration͒ and not to internal phase fluctuations. This important observation allowed us to conclude that a more compact implementation should show the same repeatability ͑better than ͞1000͒ both with and without shocks or vibrations. As explained in Section 2, the critical ingredient of our method is imaging a sparsely sampled optical field through birefringent plates to generate appropriately modified copies in the empty space between the samples. Together with the advantages brought by this approach come the main disadvantages: decrease of the light throughput and loss of spatial resolution for the same size focal-plane array. One can consider the effect of the mask similar to that of a pixilated sensor whose pixels have a small fill factor ͑ratio of light-sensitive area to total area of the pixel͒. Furthermore, the fill factor of the mask can be increased significantly from its value in the implementation presented in this study ͑approximately 0.01͒. Because it multiplexes the information from multiple frames of a conventional system into one frame, the SFS uses multiple CCD pixels for each sampling point or hole in the input aperture. This leads to loss of spatial resolution for the same size ͑number of pixels͒ CCD. However, if one considers the fact that multiple frames of the output are required in conventional shearing interferometry, there is no significant time disadvantage as the input field can be stepped to adjacent positions in the time required to read the additional frames in the conventional approach. In addition, because of its high repeatability and robustness, the SFS can use fewer phase shifts than conventional methods to estimate the phase of the input. Conventional systems use a large number of frames ͑usually 16 or more͒ to average out the effect of small vibrations. In the system presented here, we heavily oversampled the output intensity distribution to remove the effect of alignment errors. This further greatly decreased our effective resolution from approximately 128 ϫ 128 to 27 ϫ 27 compared with that of a conventional system ͑512 ϫ 512 when the same array is used͒. This is not necessary in a later-generation system. We note here that the SFS is similar in functionality and output data to a shearing interferometer. The points measured by the system are connected through shearing interferograms. Unambiguous reconstructions require, similar to any other laterally shearing interferometer, that the phase difference between adjacent points be less than in absolute value ͑the Nyquist condition͒. In Section 3 we modeled the sensor using Fourier optics in a coordinate-free fashion. This allowed us to model the effect of the plates on the output field, even though the direction of the optical axis was different for each plate. We obtained the output field, the imaging condition, and the magnification for two different situations, with the plates before the first principal plane and after the second principal plane of the imaging lens. Our results show that the placement of the plates can be used as an additional design parameter either to generate phase diversity or for optical design purposes. Indeed we described and implemented a method to match a set of birefringent plates with a given sampling layout and focalplane geometry. The method used a cascade of imaging stages working at appropriate magnifications and with the birefringent plates placed between them.
In Section 4 we described a set of experiments designed to validate our theoretical model and prove the validity of our new interferometric method. We showed that the system outputs phase-shifted interferometric data on multiple shearing directions, with low cross talk and good contrast. In fact the fringes were similar to those in a regular shearing interferometer. We measured the K and ␣ parameters of the system in a quiet ͑no-vibrations͒ environment and estimated the accuracy of the system to be better than ͞1000. We measured the same parameters when strong shocks were applied to the air table in close proximity to the system so as to estimate the repeatability of the measurements under these conditions, as well as the susceptibility to vibrations of the system parameters. We estimated that the repeatability under strong shocks is better than ͞100 and that this can be improved by an order of magnitude in a more compact implementation of the system.
Although we were able to obtain good non-phaseshifted data, which we used to characterize the system, because of reasons explained in Subsection 4.A we were not able to obtain good phase-shifted data. This precluded us from showing actual reconstructions of the input phase profile under different working conditions. However, our extensive analysis of the statistics of the data should provide a good indication of the method's performance under vibrations and a good base for comparison with other phasesensing methods. Another reason for which we believe the repeatability of the data is a better term of comparison than actual reconstructions of the input is the additional step of reconstructing itself, which introduces errors of its own depending on the actual numerical method used. As explained in Subsection 4.C, this is common to all interferometric methods, albeit in different forms ͑such phase unwrapping versus reconstruction from finite differences or gradients͒.
The new interferometric method presented here has many advantages over traditional interferometry. The most important are its intrinsic insensitivity to vibrations, its high repeatability and accuracy ͑reliable measurement tool͒, and its extremely compact common-path setup. The vibration insensitivity and the ease of integration into various experimental setups could be a powerful factor to extend interferometric measurements outside the optics laboratory into new applications, even on the factory floor. In addition, the SFS is characterizable, i.e., the system parameters can be measured with high accuracy and they are insensitive to vibrations and misalignment. Once the system is characterized, its properties stay unchanged under various working conditions. This is important for two reasons. First, there is no need to build the system with extreme accuracy because the system's transfer function can be measured and it does not change. We note that the shearing plates should be good enough to ensure good overlap between the different fan-out points. Second, if the reconstruction of the measured parameter of the input field ͑not necessarily a phase distribution but a quantity connected to it, such as an aspheric surface͒ involves complex dependencies on the data at the output of the system, one can reliably use the system's transfer function to reconstruct the input. If the system's transfer function is not known or it changes under different measurement conditions, one would have less confidence in the reconstruction. Finally, the SFS can be viewed as an optical-digital interface between the optical field and the data processing subsystems. The designer has the freedom to implement highly anisotropic transformations between the input field and the output distribution, while keeping the reconstruction algorithms under full control by generating exactly the output needed by the desired class of inversion algorithm.
Appendix A: System Parameters and the Inversion Algorithm
To describe the measurements and the inversion algorithm, let us consider a set of three samples of the input, with their complex fields A k exp͑i k ͒ for k ϭ 1 to 3, where samples 1 and 2 are adjacent on x and samples 1 and 3 are adjacent on y. By use of Eq. ͑3͒, the measurements for the horizontally adjacent pair are ϫ cos͑ 1 Ϫ 3 ϩ ␣12y Ϫ ␣22y͒.
The amplitudes A 1 , A 2 , A 3 and the phase differences between adjacent samples can be found by use of the following parameterized algorithm:
